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1. INTRODUCTION AND DEFINITITION
Hausdorff , ,
Notation 1.1. Denote
FPF(X) $=$ { $f$ : $Xarrow X$ : $f$ is a fixed-point free continuous map}
(i.e., $f\in FPF(X)$ if and only if $f(x)\neq x$ for all $x\in X.$ ) and
St(X) $=$ { $f$ : $Xarrow X$ : $f$ is a homeomorphism}.
coloring coloring number 1990 , 1951
[8]
Definition 1.2 (Hartskamp(1995), Aarts-Fokkink-Vermeer(1996)).
Let $f\in$ FPF(X), let $U$ be an open (or closed) cover of $X$ , and, let $p=|U|$ .
(1) Let $A$ be an open (or closed) subset of X. $A$ is said to be a color of $(X, f)$ if
$A\cap f(A)=\emptyset$ .
(2) $U$ is said to be a coloring (p-coloring) of (X, f) if $p$ is finite and all $U\in u$ are
colors of $(X, f)$ .
(3) Define the color number col$(X, f)$ of $(X, f)$ by
col $(X, f)=\{\begin{array}{l}\min\{ |?I| : U is a coloring of (X, f)\}\infty (otherwise)\end{array}$
Remark 1.3.
$f$ coloring $u$ , $U\in$ Tt , ( )
$U$ ( ) V
$\{Int_{X}V :V\in V\}$ $f$ coloring
( $\{$Cl$x^{V}$ : $V\in V\}$ $f$ coloring)
, $f$ coloring T(
,
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Example 1.4.
Let $\mathbb{Z}_{p}=\{0,1, \ldots, p-1\}$ be a discrete space and let us define $s_{p}$ : $\mathbb{Z}_{p}arrow \mathbb{Z}_{p}$ by
$s_{p}(i)\equiv i+1(mod p)$ . Then




(1) For every $x\in X$ there exists a closed neighborhood $N_{x}$ of $x$ in $X$ such that $N_{x}$ is
a color of $(X, f)$ .
(2) If $X$ is compact, then we can take a coloring of $(X, f)$ .
[4] , coloring
Question 1.6.
(1) Let $X$ be a space and $f\in$ FPF(X) $($ or $f\in$ FPF$(X)\cap\Re(X))$ . Decide col$(X, f)!$
(2) What does $(X, f)$ satisfy col$(X, f)<\infty$ ?
2. CASE 1 : $0$-DIMENSINAL SPACES
, coloring
Theorem 2.1 (Bruijn-Erd\"os (1951), Kat\v{e}tov (1967)).
Let $X$ be a discrete space and $f\in$ FPF(X). Then, col$(X, f)\leq 3$ .
(Then there exist disjoint subsets $\{X_{0},X_{1},X_{2}\}$ of $X$ such that $X=X_{0}\cup X_{1}\cup X_{2}$ and
$X_{i}\cap f(X_{i})=\emptyset$ for each $i=0,1,2.$ )
$0$ ,
Question 2.2.
Let $X$ be a 0-dimensional space and $f\in$ FPF(X). Then does it hold that col $(X, f)\leq 3$ ?
,
57
Theorem 2.3 (Blaszczyk-Kim (1988)).
Let $X$ be a 0-dimensional paracompact space and $f\in$ FPF(X) $\cap \mathcal{H}(X)$ . Then,
col $(X, f)\leq 3$ .
(Then there exists a disjoint clopen cover $\{X_{0}, X_{1}, X_{2}\}$ of $X$ such that $X_{i}\cap f(X_{i})=\emptyset$
for each $i=0,1,2.$ )
,
Example 2.4 (Blaszczyk-Kim (1988)).
There exist a 0-dimensional locally compact space $X$ and $f\in$ FPF$(X)\cap$ St(X) such
that col $(X, f)=\infty$
$X=\{-1,0,1\}^{\omega_{1}}\backslash \{0\}^{\omega_{1}}$ , $x\in X$ $f(x)=-x$
,
Question 2.5.
(1) Let $X$ be a 0-dimensional space and $f\in$ FPF$(X)\cap$ St(X). What space holds that
col $(X, f)\leq 3$ ?
(2) Let $X$ be a 0-dimensional paracompact space and $f\in$ FPF(X). Then does it hold
that col $(X, f)\leq 3$ ?
(3) For each $k\geq 4$ do there exist a 0-dimensional space $X$ and $f\in$ FPF$(X)\cap$ St(X)
such that col$(X, f)=k$ ?
,
Remark 2.6.
Let $X$ be a 0-dimensional compact space and $f\in$ FPF(X). Then col$(X, f)\leq 3$ .
3. CASE 2 : $n$-DIMENSINAL SPACES
, , $0$ coloring
Theorem 3.1 (van Douwen (1993)).
Let $X$ be an n-dimensional paracompact space and $f\in$ FPF$(X)\cap \mathcal{H}(X)$ . Then,
col$(X, f)\leq 2n+3$ .
( coloring )
Example 3.2 (van Douwen (1993)).
Let $X=\oplus_{n\in \mathbb{N}}\mathbb{S}^{n}$ , let $f$ : $Xarrow X\in$ FPF$(X)\cap$ St(X), and, let us define $f(x)=-x$ for
each $x\in \mathbb{S}^{n}\subset X$ . Then col $(X, f)=\infty$ .
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, col $(\mathbb{S}^{n}, f|_{S^{n}})\geq n+2$ col $(X, f)=\infty$
3.1
Theorem 3.3 (van Hartskamp-Vermeer (1996), van Mill (1999)).
Let $X$ be an n-dimensional paracompact space and $f\in$ FPF$(X)\cap\Re(X)$ . Then,
col $(X, f)\leq n+3$ .
, $n=1$ , 1
, 33 (X) (
)
Theorem 3.4 (van Hartskamp-Vermeer (1996)).
Let $X$ be an n-dimensional compact space and $f\in$ FPF(X). Then,
col$(X, f)\leq n+3$ .
, 33
col $(X, f)\leq$ col $( \lim_{arrow}\{X, f\}, \lim_{arrow}f)\leq n+3$ .
$\lim_{arrow}\{X, f\}$ $f$ : $Xarrow X$ inverse limit , $\lim_{arrow}f$
4. CASE 3: PARTICULAR SPACES AND MAPS
, coloring
,
$X_{i}=[0,1]^{n}(i=0,1),$ $X=X_{0}\oplus X_{1},$ $f(X_{i})=X_{j}(i\neq j)$ $f$ : $Xarrow X$
, col$(X, f)=2$ , , $X$




Let $X$ be a connected space and $f\in$ FPF(X). Then col$(X, f)\geq 3$ .
, $\dim X=1$ , 33 col$(X, f)$ 3 4
, involution map $\mathbb{Z}_{p}$-action involution
map
Theorem 4.2 (Aarts-Fokkink-Vermeer (1996)).
Let $X$ be an n-dimensional paracompact space and $f\in$ FPF$(X)\cap$ Sf(X). If $f^{2}(x)=x$
for all $x\in X$ , then col$(X, f)\leq n+2$ .
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, $\mathbb{S}^{1}$ , $7_{\pi}$ : $\mathbb{S}^{1}arrow \mathbb{S}^{1}$ $\pi$- ,
4.1 42 col $(\mathbb{S}^{1},7_{\pi})=3$ $\mathbb{S}^{n}$ $n$ ,
Corollary 4.3 (Lusternik-Schnirelmann).
If $\iota$ : $\mathbb{S}^{n}arrow \mathbb{S}^{n}$ is the antipodal map, then col $(\mathbb{S}^{n}, \iota)=n+2$ .
involution map ($p$ 3 ) , $p=3$
[1] [5]
Remark 4.4 ([1],[5]).
Let $X$ be a coimected space and $f\in$ FPF$(X)\cap\Re(X)$ . If $f^{3}(x)=x$ for all $x\in X$ , then
col $(X, f)\geq 4$ .
,
$r_{\frac{2}{3}\pi}$ : $\mathbb{S}^{1}arrow \mathbb{S}^{1}$ $\frac{2}{3}\pi$- , 3.3 44
, col $(\mathbb{S}^{1}, r_{\frac{2}{3}\pi})=4$
44
Proposition 4.5 (Akaike-Chinen-Tomoyasu[5]).
Let $X$ be an arcwise-connected space and $f\in$ FPF$(X)\cap$ St(X) with $f^{n}=id_{X}$ for some
$n\in \mathbb{N}$ . If there exists an $x\in X$ such that $f^{3}(x)=x$ , then col$(X, f)\geq 4$ .
2
Question 4.6.
Let $X$ be a connected space and let $f\in$ FPF(X) satisfying that $f^{3}(x)=x$ for some
$x\in X$ . Does it hold that col $(X, f)\geq 4$ ?
Example 4.7.
Let $\mathbb{Z}_{p}=\{0,1, \ldots,p-1\}$ be a discrete space, let us define $s_{p}$ : $\mathbb{Z}_{p}arrow \mathbb{Z}_{p}$ by $s_{p}(i)\equiv i+1$
$(mod p)$ , let $\mathbb{Z}_{p}*\mathbb{Z}_{q}$ be the join of $\mathbb{Z}_{p}$ and $\mathbb{Z}_{q}$ , and, let $s_{p,q}=s_{p}*s_{q}$ : $\mathbb{Z}_{p}*\mathbb{Z}_{q}arrow \mathbb{Z}_{p}*\mathbb{Z}_{q}$ .
Then col $(\mathbb{Z}_{3}*\mathbb{Z}_{q}, s_{3,q})=4$ .
5. CASE 4: 1-DIMENSIONAL CONNECTED SPACES
3.3 4.1
Question 5.1 (Akaike-Chinen-Tomoyasu[5]).
Let $X$ be a l-dimensional connected space and $f\in$ FPF$(X)\cap\Re(X)$ . Which is true,
col$(X, f)=3$ or col$(X, f)=4$ ?
60
1 , 3.3 coloring number 4
, coloring number
Question 5.2 (Akaike-Chinen-Tomoyasu[5]).
Let $X$ be a finite connected graph and $f\in$ FPF$(X)\cap\Re(X)$ . Which is $tme_{f}$ col$(X, f)=3$
or col$(X, f)=4$ ?
,
Notation 5.3.
Let $x\in X$ and $f$ : $Xarrow X$ a map. Write orb $(x, f)=\{f^{n}(x) : n\geq 0\},$ $P(f)=\{x\in X$ :
$f^{n}(x)=x$ for some $n\in \mathbb{N}$ }, and, Per$(f)=\{|$orb $(x,$ $f)|$ : $x\in P(f)\}$ . Let $A\subset \mathbb{N}$ . Write
the greatest comunon divisor of $A$ by $gcd(A)$ .
$gcd$(Per $(f)$ ) ,
,
Theorem 5.4 (Akaike-Chinen-Tomoyasu[5]).
Let $X$ be aconnecte$d$ finite gr( and $f\in$ FPF(X) $\cap$ (X) $w$ Per $(f)\neq\emptyset$ . If
$gcd$ (Per$(f)$ ) $\neq 1,3$ , then
col$(X, f)=3$ .
Example 5.5.
Recall $s=s_{p}*s_{q}$ : $\mathbb{Z}_{p}*\mathbb{Z}_{q}arrow \mathbb{Z}_{p}*\mathbb{Z}_{q}$ as in Example 4.7. If $gcd(p, q)\neq 1,3$ , then
col $(\mathbb{Z}_{p}*\mathbb{Z}_{q}, s)=3$ . In particular, col $(\mathbb{Z}_{2^{k}p}*\mathbb{Z}_{2^{k}q}, s)=$ col $(\mathbb{Z}_{5^{k}p}*\mathbb{Z}_{5^{k}q}, s)=\cdots=3$ for all
$k\in \mathbb{N}$ .
$f$ : $\mathbb{Z}_{4}*\mathbb{Z}_{4}arrow \mathbb{Z}_{4}*\mathbb{Z}_{4}$ Per $(f)\subset\{2,4,8\}$
,
Corollary 5.6 (Akaike-Chinen-Tomoyasu[5]).
col $(\mathbb{Z}_{4}*\mathbb{Z}_{4}, f)=3$ for any $f\in FH_{4,4}$ ,




Let $f\in$ FPF $(X)\cap \mathcal{H}(X)$ satisfying either that
(1) $X$ is a connected finite graph, or that
(2) $X$ is a connected infinite graph and Per $(f)\neq\emptyset$ .
Then $gcd$ (Per $(f)$ ) $\in\{1,3\}$ if and only if col $(X, f)=4$ .
, coloring $n\iota unber$ ,
52 ,
$gcd$ (Per $(f)$ ) $\in\{1,3\}$ if and only if col$(X, f)=4$





Let $X$ be a connected graph and $f\in FPF(X)\cap\Re(X)$ . If $f^{3}(x)=x$ for some $x\in X$ ,
then col$(X, f)=4$ .
, coloring number
Corollary 6.3.
Let $f\in FPF(\mathbb{S}^{1})\cap\Re(\mathbb{S}^{1})$ . Then, $f^{3}(x)=x$ for some $x\in X$ if and only if col $(\mathbb{S}^{1}, f)=4$ .
coloring number
Corollary 6.4.
Let $A_{0}=\{(2,4), (4,4)\},$ $A_{1}=\{(p,$ $q)\in \mathbb{N}\cross \mathbb{N}$ : $p,$ $q\geq 2$ and $gcd(p,$ $q)\in\{1,3\}\}$ , and,
$A_{2}=\{(p,$ $q)\in \mathbb{N}\cross \mathbb{N}$ : $p,$ $q\geq 2$ and $(p,$ $q)\not\in A_{0}\cup A_{1}\}$ . Then,
(1) $(p, q)\in A_{0}$ if and only if $\{$col $(\mathbb{Z}_{p}*\mathbb{Z}_{q},$ $f)$ : $f\in FH_{p,q}\}=\{3\}$ .
(2) $(p, q)\in A_{1}$ if and only if $\{$col $(\mathbb{Z}_{p}*\mathbb{Z}_{q},$ $f):f\in FH_{p,q}\}=\{4\}$ .
(3) $(p, q)\in A_{2}$ if and only if $\{$col $(\mathbb{Z}_{p}*\mathbb{Z}_{q},$ $f):f\in FH_{p,q}\}=\{3,4\}$ .
Notation 6.5.
Let $X$ be a finite graph and $x\in X$ . There exist a connected neighborhood $U_{x}$ of $x$ in $X$
such that for every connected neighborhood $V$ of $x$ in $U_{x}$ , the number of the components
of $U_{x}\backslash \{x\}$ is equal to the nuunber of the components of $V\backslash \{x\}$ . Denote the number
of the components of $U_{x}\backslash \{x\}$ by Ord$(x, X),$ $b_{k}(X)=|\{x\in X$ : Ord $(x,$ $X)=k\}|$ , and,








Question 6.7. Let $X$ be a connected infinite graph and $f\in$ FPF(X) $\cap X(X)$ with
Per $(f)=\emptyset$ . Does it hold that col$(X, f)=3$ ?
1 coloring number
Question 6.8. Let $X$ be a l-dimensional continuum and $f\in$ FPF$(X)\cap$ St(X).
(1) If $3\in$ Per $(f)$ , does it hold that col$(X, f)=4$ ?
(2) If Per $(f)=\emptyset$ , does it hold that col$(X, f)=3$ ?
coloring $n\iota mber$
Question 6.9. Let $X$ be a l-dimensional (hereditary) indecomposable continuum. Does
there exists $k(X)\in\{3,4\}$ such that col$(X, f)=k(X)$ for each $f$ : $Xarrow X$ a fitved-point
free homeomorphism from $X$ into itself ?
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